By using the way of weight functions and the technic of real analysis, a multiple Hilbert-type integral operator with the homogeneous kernel of −λ-degree λ ∈ R and its norm are considered. As for applications, two equivalent inequalities with the best constant factors, the reverses, and some particular norms are obtained.
Introduction
where B u, v is the Beta function φ x
In 2009, 7, Theorem 9.1.1 gave the following multiple Hilbert-type integral inequality: suppose that n ∈ N \ {1}, p i > 1,
. . , x n ≥ 0 is a measurable function of −λ-degree in R n and for any r 1 , . . . , r n r i > 1 satisfies n i 1 1/r i 1 and
. , n , then we have the following inequality:
where the constant factor k λ is the best possible. For n 2, k λ x, y 1/ x λ y λ , and 1/ x y λ in 1.6 , we obtain 1.3 and 1.4 . Inequality 1.6 is some extensions of the results in 6, 8-11 . In 2006, reference 12 also considered a multiple Hilbert-type integral operator with the homogeneous kernel of −n 1-degree and its inequality with the norm, which is the best extension of 1.2 . In this paper, by using the way of weight functions and the technic of real analysis, a new multiple Hilbert-type integral operator with the norm is considered, which is an extension of the result in 12 . As for applications, an extended multiple Hilbert-type integral inequality and the equivalent form, the reverses, and some particular norms are obtained.
Some Lemmas
2.1
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Proof. We find that A : 
H i :
. . , n , and for any i 1, . . . , n, it follows that
Proof. Setting u j u n v j j / i, n in the integral H i , we find that
2.5
Setting
Lemma 2.4. As for the assumption of Lemma 2.3, setting
Proof. The sufficiency property is obvious. We prove the necessary property of the condition by mathematical induction. For n 2, since
. . , λ n−1 , then for n 1, in view of the result for n 2, we have that
then by the assumption for n, it follows that
By mathematical induction, we prove that for n ∈ N \ {1}, k λ 1 , . . . , λ n−1 is continuous at λ 1 , . . . , λ n−1 . Lemma 2.5. As for the assumption of Lemma 2.4, if 0 < ε < min 1≤i≤n {|p i |}δ 0 , then for ε → 0 ,
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Proof. Setting u j x j /x n j 1, . . . , n − 1 , we find that
then by 2.11 , it follows that
Without loses of generality, we estimate that 
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Hence by 2.13 , we have that
By Lemma 2.4, we find that
2.16
Then by combination with 2.15 , we have 2.10 .
Lemma 2.6. Suppose that
n ∈ N \ {1}, p 1 ∈ R \ {1}, n i 1 1/p i 1, 1/q n 1 − 1/p n , λ 1 , . . . , λ n ∈ R n , n i 1 λ i λ, then k λ x 1 , . . . , x n ≥ 0 is a measurable function of −λ-degree in R n such that k λ R n−1 k λ u 1 , . . . , u n−1 , 1 n−1 j 1 u λ j −1 j du 1 · · · du n−1 ∈ R.
2.17
If
2.18
(2) for 0 < p 1 < 1, p i < 0 i 2, . . . , n , the reverse of 2.18 is obtained.
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Proof. 1 For p i > 1 i 1, . . . , n , by Hölder's inequality cf. 14 and 2.4 , it follows that
2.19
J ≤ k λ 1/p n ⎧ ⎪ ⎨ ⎪ ⎩ ∞ 0 R n−1 k λ x 1 , . . . , x n × n−1 i 1 ⎡ ⎣ x λ i −1 1−p i i n j 1 j / i x λ j −1 j ⎤ ⎦ q n /p i f q n i x i dx 1 · · · dx n−1 dx n ⎫ ⎪ ⎬ ⎪ ⎭ 1/q n k λ 1/p n ⎧ ⎪ ⎨ ⎪ ⎩ R n−1 ∞ 0 k λ x 1 , . . . , x n x λ n −1 n dx n × n−1 i 1 ⎡ ⎣ x λ i −1 1−p i i n−1 j 1 j / i x λ j −1 j ⎤ ⎦ q n /p i f q n i x i dx 1 · · · dx n−1 ⎫ ⎪ ⎬ ⎪ ⎭ 1/q n .
8 Journal of Inequalities and Applications
For n ≥ 3, by Hölder's inequality again, it follows that
2.21
Then by 2.4 , we have 2.18 note that for n 2, we do not use Hölder's inequality again . 2 For 0 < p 1 < 1, p i < 0 i 2, . . . , n , by the reverse Hölder's inequality and the same way, we obtain the reverses of 2.18 .
Main Results and Applications
As for the assumption of Lemma 2.6, setting φ i x : 
and a multiple Hilbert-type integral operator T : 
3.3
Define the formal inner product of T f 1 , . . . , f n−1 and f n as 
3.13
Setting 
3.16

